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Dynamics of an Explosive Reaction Center
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The paper presents the first study of the gasdynamic effects of a reaction center in an explo-
sive gas mixture. Initially the center is formed by a certain amount of gas that starts to react
within a small region situated in an essentially unconfined space filled with the unreacted gas
that remains at a frozen composition. A hydrogen-oxygen system is considered as the reacting
medium and a complete set of data on the kinetics of its chain reactions are used to evaluate
the resulting chemical and gasdynamic processes. This is obtained by the solution of the set
of kinetic rate equations for the chemical system, subject to thermodynamic restrictions im-
posed by the nonsteady gasdynamic processes of the flowfield generated by the expanding re-
action center. The existence of plane, line, or point symmetrical motion is assumed and the
analysis is carried out by numerical computations using the method of characteristics for the
treatment of the unreacted flowfield. The solution yields information on the gasdynamic
phenomena associated with the generation of flow, as well as on the variation of the composi-
tion and the energy deposited in the reacting gas with time, demonstrating specifically the in-
fluence of geometrical constraints on the coupling between the gasdynamic and kinetic pro-
cesses that govern the combustion reaction, as manifested especially by the specific power
pulse of energy released by the reaction center, and the pressure pulse it generates.

Nomenclature

a = velocity of sound
A = pre-exponential for rate constant
Ct = symbol for chemical species
c = concentration
D = diffusion coefficient
E = activation energy
Ji — molar enthalpy
h = enthalpy
j = 0,1,2 for plane, cylindrical or spherical flow, respectively
k — rate constant
M = Mach number
3TC = molecular weight
p = pressure
q = specific energy
r = radius
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(R = universal gas constant
s = entropy
t = time
T = temperature
u = particle velocity
V = wave velocity
x = mole fraction
r == (dmp/dmp)s
p = density
v — stoichiometric coefficient
a? = specific power

Subscripts
b = backward reaction
/ = forward reaction
i = interface or chemical species
k = kernel
0 = initial state
s = surroundings
x — state ahead of shock
y = state behind shock

Background

THE gasdynamic features of explosions associated with com-
bustion processes are, it seems, self-evident. And yet, the

analysis of their intimate relationship with chemical reactions
escaped the attention of the scientific world for a surprisingly
long time.1
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SPECIFIC POWER

Fig. 1 Schematic diagram of the system.

The fluid-dynamic effects of explosions fascinated the gas-
dynamicists almost from the advent of this branch of science,
as manifested by the early work of Sauer,2 Schultz-Grunow,3
and Doering and Burkhardt,4 and reflected in the classical
text of Oswatitsch.5 However, in these early treatments the
combustion process was represented only by the flame front
that was considered to act solely as a contact discontinuity
devoid of any chemical kinetic properties. In the meantime
the interest in the explosion phenomena per se has been
greatly enhanced, especially in connection with atomic
bombs, which provided a powerful incentive for the develop-
ment of blast wave theory, leading to the acquisition of an
impressive body of knowledge founded upon the classical
contributions of Taylor,6 and Sedov,7 and followed by Koro-
beinikov, MeFnikova and Ryazanov,8 Sakurai,9 and many
others. So far, however, the blast wave theory has been con-
cerned primarily with the nonsteady flowfield that is obtained
as a result of an explosion, rather than with the generation of
flow as an integral part of the explosion process and its exo-
thermic reaction.

On the other hand, there have been very few cases where
the detailed kinetics of chain reactions of the combustion
process have been considered in a gasdynamic flowfield, that
is in a flow system of variable density and, of course, pressure,
subject to restrictions imposed by the fluid-dynamic boundary
conditions. In fact, the only studies known to the present
authors have been concerned solely with the essentially steady
flowfield of a deflagration in a "laminar" hydrogen-oxygen
detonation wave, or, more specifically, with the solution of the
kinetic rate equations for the hydrogen-oxygen system, sub-
ject to restrictions imposed by the condition of constant mass
rate and stream force per unit area known as the Rayleigh
line, as exemplified by the early work of Duff,10 and the more
recent investigations of Strehlow and Rubins.11

In contrast to such a steady-state flow through a regime of
an exothermic reaction, represented on the pressure-specific
volume plane by a Rayleigh Line of an essentially negative
slope, the salient features of the nonsteady growth of the ex-
plosion wave is the fact that in its kernel both the pressure as
well as the specific volume increase. This imposes an interest-
ing set of conditions on the chemical system in the course of
reaction that, as far as we know, has not been studied before.
The major difficulty in such a study is the fact that the prog-
ress of the reaction is coupled with the nonsteady gasdynamic
phenomena and, unlike other cases, the thermodynamic
changes of state cannot be postulated a priori, but, on the
contrary, they form one of the features of the solution.

The study reported here represents the initial step in an
attempt to fill this gap in our knowledge of explosion pro-
cesses. More specifically, it addresses itself to the following
questions:

1) What is the profile of the maximum specific power pulse
of energy that can be released and deposited in a given ex-
plosive gas as, for instance, in a stoichiometric hydrogen-
oxygen mixture, depending on the initial pressure and tem-
perature and the geometrical constraints of the flowfield?

2) What is the profile of the corresponding pressure pulse
that arises as a consequence of the gasdynamic flowfield gen-
erated in conjunction with the evolution of the power pulse?

To the best of our knowledge these questions have, as yet,
remained essentially unexplored although, as already men-
tioned here earlier, the available data on kinetics, especially
for the hydrogen-oxygen system, have been considered suf-
ficiently reliable to investigate on their basis the structure of
steady flow, plane, detonation waves.

System

In order to evaluate the maximum specific power pulse, one
must consider a system where, on one hand, the energy is de-
posited in bulk to the whole mass of the medium in the relic-
tion center (rather than just to its portion, diminishing
thereby the total) and, on the other, the dissipative effects
due to transport phenomena are negligible. The aforemen-
tioned two conditions provide criteria for the size of the reac- .
tion center, establishing, respectively, the upper and lower
bounds of the regime of its physical significance. Both are
functions of the duration of the reaction process expressed in
terms of the Full Width at Half Maximum (FWHM) of the
power pulse.

Considering the high probability of the formation of a
localized reaction center (in contrast to a homogeneous
reaction process that would involve an extremely accurate
simultaneity in the progress of the induction process through-
out the medium), the question whether it can undergo the re-
action process, once it is formed, without a significant inter-
action with the surroundings to obliterate the physical sig-
nificance of its identity, depends on its size which, in turn, is
related to the time width of the power pulse. The latter, how-
ever, is one of the major unknowns of our problem. Thus one
has to have the solution available first, before the physical
validity of the model adopted for its derivation can be
examined. This is, therefore, carried out here in the Appendix
on the basis of the results presented in the main body of the
paper, and the consequences of this inquiry are discussed in
Conclusions.

The transient flowfield under study is considered to con-
sist of two regions: an expanding kernel, where the chemical
reaction takes place while the thermodynamic processes as-
sociated with it occur in bulk, and the nonreacting surround-
ings which are penetrated by a pressure wave that is caused by
the expansion of the kernel. The ensuing process is, in effect,
that of a closed-loop system, the feedback being associated
with the action of the pressure wave generated by the reac-
tion, providing, in turn, for the medium in the kernel the
mechanical workload which controls the thermodynamic and
chemical processes it undergoes.

The proposed model represents, in effect, the opposite case
of a combustion system than that of a flame where the reac-
tion occurs only at the front which moves at a finite velocity
with respect to the medium immediately ahead of it. In
contrast to this, the reaction center represents a zone of finite
volume where the reaction takes place in bulk while its front
is a contact discontinuity, that is, its relative velocity with
respect to the medium ahead of it is zero.

In this initial study of such a system, the surroundings are
assumed to be nonreactive. In an actual explosive medium
such a situation cannot, of course, exist indefinitely, since an
explosive reaction center leads eventually to the occurrence of
other reaction centers around it. Of central importance to
this paper is, however, the argument that in an explosive
medium the possibility that new centers are formed within the
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effective time of the power pulse of a single center is negligible.
The quantitative aspects of this argument are presented in
the Conclusions. Thus, in effect, the system analyzed here
represents the behavior of an essential element of explosion
rather than the whole of the explosion process. The latter can
be analyzed by considering it, in turn, as a system that is com-
posed of such elementary explosion centers.

The salient features of the system to be thus analyzed are
presented in Fig. 1. As implied there, only one-dimensional
flow is considered, but, within this restriction, the cases of
spherical and cylindrical, as well as plane-symmetrical field
are included. The flow system of Fig. 1 represents, in effect,
another case of a "bulk expansion" model which has been
previously used by us with success for the analysis of the
generation of pressure waves in systems undergoing chemi-
cal12'13 as well as nuclear14"17 reactions. Our former studies
were restricted, however, to plane flowfields and they were
not related to the kinetics of chemical reactions which, be-
sides the consideration of nonplanar flowfields, forms the
primary purpose of the current work.

Analysis
The major simplifying assumption adopted for the present

analysis is the postulate that the interface between the kernel
and its surroundings is impermeable. As a consequence of
this, the interface acts as a contact discontinuity between two
regions whose governing equations are thus decoupled from
each other. These are then presented here in turn.

Kernel

Since the mass of the kernel is invariant, its density is
directly related to the geometric space coordinate in the form
of the following continuity equation:

dpk/dt = -pko(d/dt)(rio/r^+i (1)
where

i = 0 for plane symmetrical flowfield
= 1 for line symmetrical flowfield
= 2 for point symmetrical flowfield

The equation of state is more conveniently expressed in
terms of the perfect gas relation

p = c(RT (2)

wnere c = p/2fll represents the total concentration which is
variable in the course of the process so that the substance as a
whole is not assumed to behave as a perfect gas.

The variation of concentration is governed by the kinetic
rate equations for each of the r elementary steps in the chain
sequence involving m species Ct»

kf,r

i = 1

where

k =

r = ! , . . . « (3)

(4)

are the reaction rate constants. From these, for a given con-
stituent Olt-, one obtains

kb,r

Since d = x<c = Xip/°fll, it follows that

(5)

(6)

and, consequently,

dd/dt = (dci/dOp + (Xi/3K)dp/dt (7)
whence the total concentration is determined as, of course,

m
C = X) C;

i = l

Finally, the total energy equation is given by

dh/dp = l/p (8)
where

e*

while

is evaluated from the JANAF Tables18 by means of a fifth de-
gree polynomial fit.

Surroundings

The flowfield in the surroundings is evaluated by the
method of characteristics with proper account taken of shock
fronts when they are formed within the compression wave
generated by the expanding kernel. Until that time the flow-
field is homogeneously isentropic, that is, the entropy is not
only conserved along the particle paths, but also along the
characteristics for which, taking proper account of the ther-
modynamic properties of the substance,24

du = =Fa[(l/r)dlnp + (ju/r)dt] (9)

where
T = (d lnp/dlnp)s = (p/p)a2 (10)

Since the surrounding medium is considered to remain at
"frozen" composition, it behaves, in effect, as a perfect gas,
and consequently F = F(T). Moreover, since the tempera-
ture variation in the surroundings is relatively small, we have
assumed for each case that F = F0 = const, introducing
thereby a negligible error in the results, while simplifying con-
siderably the computational procedure. However, in order to
take properly into account the thermodynamic properties of
the substance, the value of F0 has been carefully determined
for each initial temperature using the technique of Ref . 24.

Interface

Since the interface is assumed to be impermeable, matching
conditions at the contact discontinuity consist of the require-
ment of pressure balance at its surface:

Pki = Psi (11)

and of the statement that it acts as a piston, that is

dri/dt = Ui (12)
whence by virtue of Eq. (1),

dpk/dt = (j

Computations

A code in FORTRAN for the CDC 6400 digital computer
was developed to obtain numerical solutions. The code can
accommodate any number of elementary kinetic steps de-
scribing the chemical reaction in the kernel. The present
work uses the kinetic scheme proposed by Skinner and Ring-
rose20 for the hydrogen-oxygen system. This scheme consists
of 22 forward and backward elementary steps of the type of
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Table 1
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Kinetic scheme for the hydrogen-oxygen system and the parameters of the reaction rate constants k =
ATn exp (-E/RT) where k is in (cm3/mole)/see or (cm3/mole)2/sec, T in °K, and E in kcal/mole

Forward

1
2
3
4
5
6
7
8
9

10
11

Reaction

H2 + O2 ±^ 2OH
H + O2 ±=i, OH + O
O + H2 ̂  OH + H

OH + H2 — H20 + H
OH + OH ±^ H2O + O

H + O2 + M ±^ HO2 + M
H02 + H2 ±^ H2O2 + H

H + H + M ± ^ H 2 + M
H + OH + M ±^ H2O + M
H + H + H2O f=; H2 + H2O

H + OH + H20 — H20 H- H20

2.50
1.00
1.20
1.48
7.40
8.25
3.20
1.50
3.60
3.00
7.20

A

X
X
X
X
X
X
X
X
X
X
X

1014

1015

1013

1014

1014

1015

1016

1QW
10"
1019

1020

n

0
0
0
0
0
0
0

-1
_ -^

-1
-1

E

67
17.75
9.20
6.43
3.82
0

34.60
0
0
0
0

7.05
6.16
5.50
6.92
7.60
1.01
2.46
3.48
3.95
6.96
7.90

A

X
X
X
X
X
X
X
X
X
X
X

Backward

1012

1013

1012

1014

1015

1Q20

1016

1022

1024

1023

1025

n

0
0
0
0
0

_ ^
0

-2
-2
-2
-2

E

48.60
1.19
7.37

21.62
20.84
50
18.22

108
123.20
108
123.20

Eq. (3). The parameters of their rate constants, as defined
by Eq. (4), are given in Table 1.

In all, eight species are considered as constituents, namely
H2, O2, H20, H, OH, 0, H02, and H202. The kinetic scheme is
expressed therefore by eight simultaneous, nonlinear differen-
tial equations of the type of Eq. (5). The total time variation
of the constituents in the kernel is determined from Eqs. (7)
which are integrated by means of a fourth-order Runge-Kutta
technique. The routine features a self-readjusting integration
step size, introduced by Hirsch and Ryason21 to maintain a
small error in the dependent variables. Unlike other methods
of numerical integration, the Runge-Kutta method does not
permit a mathematically rigorous error treatment. A usual
"rule of thumb" approximation is obtained for this purpose by
assuming that the error incurred in a given step is propor-
tional to the step size raised to the fifth power.

Thus, with reference to Fig. 2, the step size, Afo, is re-
adjusted after each three integration steps in the following
manner: the integration is repeated over the time interval
ti to t3 using a single step size of 2Afo. New values of the de-
pendent variables, c,-,8' (i = 1,. . .8) are obtained at time fc.
In order to double the step size, the condition

- cif3|/(25 - 2)ct-.i < 10-8 (14)

is imposed on all the values of i for which a,i exceeds 10 ~25

moles/liter. If this condition is not met, a new step size
Afo*, which satisfies this requirement is determined on the
basis of Eq. (14), namely:

[{(25 - (15)

As pointed out in the previous section, the flowfield in the
surroundings is evaluated numerically by the method of char-
acteristics with r0 = r(T) evaluated on the basis of the
JANAF Tables18 and listed in Table 2. The finite difference
network used for this purpose is a slightly modified version of
the standard approach19-22 and it is presented by Fig. 3. The

advantage of this network is that it yields a complete solution
in the surroundings for a single time step while maintaining
the continuity of the C+ characteristics for the detection of
shock formation. In addition, since network points are added
at the interface, it retains the desirable feature of having the
greatest point density in the region of largest gradients.

The flow in the surroundings is characterized by a relatively
small inactive gasdynamic period, corresponding to the induc-
tion time of the reactive gas, followed by a rapid compression
caused by the exploding kernel. To reduce the computation
time, the reaction in the kernel is considered to occur at con-
stant volume until the pressure increases by an amount
equal to 0.01% of its initial value. The pressure in the sur-
roundings is then adjusted to this value and the kernel al-
lowed to expand. When compared to the solution where a
continuous expansion of the kernel throughout the induction
period was taken into account, this technique was found to
yield sufficiently accurate results.

The time step in the surroundings is determined from the
requirement that the C- characteristic intersect the constant
time line near a given network point, Fig. 3. Hence,

- Af/2a (16)

where Af is the average distance between network points and
a is the average velocity of sound.

For nonplanar geometry, the step size is restricted by the
initial radius of the kernel. This is due to the conditions im-
posed by Eq. (9) that, in difference form, require the second
term on the right side to be sufficiently small in order to assure
convergence. Hence, for this purpose, one has to have

Choosing a general criterion

(17)

(18)

has, from our experience, been quite adequate for all the
geometrical conditions of the flowfield.

During the explosive portion of the process, it is advanta-
geous to have a time step that is sensitive to the rate of ex-
pansion of the kernel. For this purpose a second criterion for
the time step is chosen as

(19)

Table 2 Values of T == (d Inp/d lnp)s determined on the
basis of JANAF Tables18 for a stoichiometric hydrogen-oxy-
gen mixture and used for the computations reported in

this paper

900 1100 1200 1400

Fig. 2 Schematic diagram of the integration routine. 1.360 1.349 1.344 1.333
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Fig. 3 Schematic diagram of the characteristic network.

where, as before, in our experience the coefficient has been
found to yield satisfactory results. The time step in the sur-
roundings at any time is then the smallest value computed
from either Eq. (18) or Eq. (19). In accordance with Eq. (16)
points are added to the characteristic network at every other
time step.

For convenience, the time step used for matching the
boundary conditions at the interface was taken to be

Ati < 3A4 (20)
the equal sign holding when Ats > 3A^.

The computations are performed in three stages: 1) in-
tegration of the kinetic rate equations in the kernel for an
assumed value of dp/dt, 2) matching of the boundary condi-
tions at the interface yielding a corrected value of dp/dt, and
3) when stages 1 and 2 have converged, the solution of the
flowfield in the surroundings. A detailed description of the
numerical technique is presented in the Appendix.

Results

As an illustration of the results we have obtained in this
manner, presented here are data corresponding to a stoi-
chiometric hydrogen-oxygen mixture initially at 1100°K and
6 atm, with an initial kernel radius of 0.1 mm. The non-
steady flow field generated by the explosion process is de-
picted on Fig. 4, showing the trajectories of the interfaces and
shock waves, as well as a few representative characteristics
for the three geometric cases of plane, cylindrical and spheri-
cal gas motion. Shock waves were generated only in the case
of plane and cylindrical fields, the increase of the cross-sec-
tional area in the spherical case having been evidently too
large for this purpose.

The influence of the geometry is perhaps even more promi-
nently displayed by the pressure pulses shown on Fig. 5 and
by the corresponding variation of the interface velocity given

To = UOO°K
Po = 6 atm
a0 = 1.02 km/sec
rn =0-1 mm

2H2 + O2
To = IIOO°K
Po = 6 atm
d0 = 1.02 km/sec
r0 =0-1 mm

PLANE
CYLINDRICAL
-SPHERICAL

14.0 14.1 14.2 14.3 14.4 14.5 14.6 14.7
T I M E (/IS6C)

Fig. 5 Time profiles of the pressure in the kernel.

by Fig. 6. The latter is, in effect, the time derivative of the
specific volume whose variation, together with the pressure
pulse data of Fig. 5, provides the required information for the
representation of the explosion process on the pressure-
specific volume plane, represented on Fig. 7. As it appears
there, initially there is an increase in both pressure and
specific volume so that the process path starts with a positive
slope, and only later, as the pressure pulse decays, does it
become negative, similarly as in a steady flow process.

The temperature variation in the kernel is depicted on Fig.
8 together with the time profile of the effective heat of forma-
tion

q = (l/m^ZxioWio - (l/Wl)2xi3£i@To (21)
where, in terms of the nomenclature of the JANAF Tables18

5C = #298° +

while Xi is the mole fraction of a constituent at any given
state and, 2fTl is the molecular weight of the mixture.

The effective heat of formation q represents the specific
energy deposited in the medium as a consequence of the exo-

0 O.I O2~ . . 0.3 0.4r (mm)

Fig. 4 The time-distance diagram of the process.

14.0 14.1 14.2 14.3 14.4 14.5 14.6 14.7
T I M E ( / X S 6 C )

Fig. 6 Time profiles of the kernel front velocity.
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- PLANE
-CYLINDRICAL
-SPHERICAL

2H2 * 02

To = IIOO°K
Po = 6atm
do =1-02 km/sec
T0 = 0.1 mm

Fig. 7 The pressure-
specific volume di-
agram of the process

in the kernel.

_L

thermic process. Its rate of change expresses then the specific
power of the explosion process, co. The time profile of the
latter, obtained by straightforward differentiation of q with
respect to time, is presented on Fig. 9. The graph reveals the
fact that the variation of co is associated with two peaks—a
feature especially well pronounced in the case of plane
geometry. This is a direct result of the fact that the exother-
mic reactions achieve maximum rates when the concentration
products [H]2 or [H][OH], corresponding to the recombina-
tions of hydrogen atoms and hydrogen-hydroxyl radicals, re-
spectively, that are associated with the highest reaction
heats, are at their maximum. This is demonstrated by the
plots of the mole fractions of H and OH shown in the upper
diagram of Fig. 9.

Conclusions

Figures 4-9 represent sample solutions of our problem.
Specifically, for example, the answer to the questions posed
at the outset appears from them to be as follows: in a stoi-
chiometric hydrogen-oxygen mixture, at an initial tempera-
ture of 1100°K and initial pressure of 6 atm, a spherical re-
action center of an initial radius of 100 p can, at most, deposit
energy at a rate corresponding to a specific power pulse of 74
nsec (FWHM) with a peak at 76 Gw/g, generating a pressure
pulse of 76 nsec (FWHM) reaching a peak of 7.7 atm.

20

o 1.0

0.5

PLANE
CYLINDRICAL

SPHERICAL

4000

3500

2H2 + 02

T0 = IIOO°K
P0 = 6atm
a0 = 1-02 km/sec4
r0 = 0.1 mm

I I

12500

2000

1500

1000

14.0 14.1 14.2 14.3
TIME

14.4 14^5 146 |4.7

Fig. 8 Time profiles of the temperature and energy con-
version in the kernel.

Corresponding values for other flow geometries are of the
same order of magnitude and they can be read off the graphs,
given by Figs. 4-9.

Similar computations were carried out for r0 = 0.1 mm.
over a range of initial pressures at a constant initial tempera-
ture of 1100°K and for r0 = 1 mm over a range of initial tem-
peratures at a constant initial pressure of 1 atm. The re-
sults, all for spherical geometry, are shown on Fig. 10. As it
is evident there, both the magnitude and sharpness of the
pulses of specific power and pressure depend greatly on initial
pressure, while remaining relatively little influenced by the
variation in initial temperature.

Finally, it should be noted that, although our results give
the maximum values for these pulses, which, as demonstrated
in the Appendix, can be, indeed, expected to occur in a physi-
cal system, they represent at the same time a conservative
estimate of the eventual outcome of the explosion process in a
reacting medium. The reason for this is the fact that the flow-
field generated by a reaction center enhances the termination
of the induction process in the surrounding medium and thus
it can lead to the generation of other reaction centers in its
neighborhood. However one should also observe that the
period of an order of 100 nsec which, as shown here, represents
the FWHM duration of the power pulse is extremely short in
comparison to the tens of microseconds taken up by the in-
duction process at the same initial conditions. Thus, since
the corresponding nonsimultaneity of 1% is certainly quite
reasonable to expect for the onset of reaction in various cen-
ters within an explosive gas mixture, one is led to the conclu-
sion that such reaction centers are in time chemically isolated
from each other. Moreover, since, as shown on Fig. 9, the
concentration of the hydrogen atom, the most important ac-
tive species, varies in form of a pulse whose FWHM is of the
same order of magnitude as that of the power pulse, it follows
that, if initially there has been a somewhat delayed build-up
in the concentration of this radical in the immediate neigh-
borhood of the reaction center, in the second half of the
power pulse this will be depleted as a consequence of the
negative gradient associated with its consumption in the reac-
tion center.

This means that, in contrast to the close coupling between
the chemical kinetic and gasdynamic processes that, as
shown here, must exist in any reaction center, the processes in
various reaction centers that are distributed throughout the

O.I5|
•z.
o
oO.IO]
<
o:
LL.

30.05

2H2+ 02
To = IIOO'K
Po = 6 atm
a0 = 1.02 km/sec
r0 = 0.1 rnm

14.0 14.1 14.2 14.3
TIME

14.4 14.5 14.6 14.7

Fig. 9 Time profiles of the specific power of energy con-
version and the mole fractions of H and OH in the kernel.
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explosive gas mixture are chemically decoupled. It is this
notion, in fact, that makes the results of our analysis espe-
cially significant, because they can be consequently regarded as
describing the behavior of an elementary reaction center
whose chemical behavior is not influenced by the action of
other reaction centers in its neighborhood.

Appendix: Technique of Numerical Analysis

Introducing, to represent the mean value of any quantity /,
the symbol (f)n

m, defined as

the energy equation for the kernel, Eq. (8), can be expressed
in finite difference as

(km - hn)(p)nm = (pm - ?n) (A2)

Similarly, the characteristics equations for the flow in the
surroundings, Eqs. (15), become, with the use of Eq. (17),

um — ui = — (l/T)(a/p)im(pm — pi) — j(au/r)im Ats (A3a)
and

um — un = (l/T)(a/p)nm(pm — pn) + j(au/r)n
mAts (A3b)

while Eqs. (14) are represented simply as

(rm — TI) = (u + a)imAts (A4a)
and

(rm — rn) = (u — a)n
m&ts (A4b)

The trajectory of a particle or shock is, on the basis of Eqs.
(16) and (21), given, respectively, by

and
- fn) =

- rp)

(A5)

(A6)
In the following, the flow properties at points lying between

given network points are determined by linear interpolation.

40

C 20
CL

f
O)
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Fig. 10 Salient features of the specific power and pressure
pulses.
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Fig. 11 Finite-difference networks used in the numerical
analysis.

Kernel

Given the solution at time to, Fig. lla, a choice is made for
(dp/dt) to

t3. The density, ptl, is then computed from

Pn = pt0 + (dp/dt) t (A7)
and the concentrations at time t\ are obtained by numerical
integration of Eqs. (7) where dp/dt is replaced by its average
value over the interval to to £3. Next, the energy equation,
Eq. (A2), being a function of temperature only [the pressure
having been eliminated by the use of the equation of state,
Eq. (2)], is solved for Ttl, by the method of "Regula Falsi.7'23

The pressure, pti) is then determined from Eq. (2).
Maintaining the assumed value for (dp/dt) to

t3, the above
routine is repeated twice more until the time U is reached.
The condition of equal pressure across the interface yields a
corrected value of (dp/dt) to

t3.

Interface

Having established the pressure in the kernel at time £3,
the remaining flow variable at the interface may be found.
Referring again to Fig. lla, the velocity of sound at point 4
may be found directly from the isentropic relation

#4 = #2 (P 4/^2)" (A8)

where

a = (r - i)/2r
while, by virtue of Eq. (22),

= Pki = (A9)
Assuming u^ u$ and as, the spatial positions of points 4 and 3
are determined from Eqs. (A5) and (A4b), respectively.
The particle velocity u± is then obtained from the equation
for the C_ characteristic, Eq. (A3b). Finally, the density
derivative in the kernel at time £3, is evaluated from Eq. (24)
and an improved value of (dp/dt)to^ computed. The solution
in the kernel and at the interface is iterated until (dp/dt)z
converges. Generally, two iterations are sufficient.

Surroundings

The solution at a general point in the surroundings is deter-
mined from the network depicted on Fig. lib. Assuming
initial values for u%, u±, a3, and a4, the locations of the new
point 4 and point 3 are determined from Eqs. (A4). Equa-
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Fig. 12 Regimes of physical validity of the explosive reac-
tion center in a stoichiometric hydrogen-oxygen system.

tions (A3) are then solved simultaneously for the particle
velocity, u*, and pressure, p4. For homentropic flow, the
velocity of sound, a4, is evaluated by applying Eq. (A3) along
the C+ characteristic. If the flow is not homentropic, the
third characteristic direction, Eq. (A5) is used to locate point
2 and the velocity of sound at point 4 is determined from Eq.
(A8) applied along the particle path.

An additional routine is required to include shock fronts in
the computation. The network used is shown on Fig. lie for
the general case of a shock propagating into a non-uniform re-
gion. Assuming that M4 = M& while the properties ahead of
the shock at point 4 are the same as those ahead of it at point
5, the location of the new point r4, is obtained from Eq. (A6).
Equation (A4a) locates point 6 and Eq. (A3a) is used to
determine pressure p4y. A corrected value of M5 is then ob-
tained from Eq. (18) while u±y and a42/ are evaluated from the
remaining jump conditions, Eqs. (19) and (20). Improved
values of u±x, p*x, and aix are finally computed in a manner
similar to the general point routine described above. The
solution is repeated until the properties at point 4 converge.

Shock formation is detected by the coalescence of two C+
characteristics. When this occurs, the first C+ characteristic
is replaced by a shock with M = 1 and the new point com-
puted by the use of the shock routine.

Limit of Physical Validity

The behavior of an explosive reaction center is associated
with two conditions: 1) the interface between the kernel
and the surroundings is impermeable to transport phenomena,
2) internal properties within the kernel are uniformly dis-
tributed throughout its volume. The first condition estab-
lishes a criterion for the minimum radius of the kernel, while
the second, for its maximum size.

In order for the interface to maintain the property of a
discontinuity as an impermeable membrane, the initial jump
of potential governing the transport of mass or heat must not
be significantly distorted by diffusion during the duration of
the power pulse. Expressing this potential in terms of F =
(/ ~ /•)/(/* ~ /•), where / represents the concentration of ac-
tive species or the temperature, while subscript k and s denote
its inital value in the kernel and surroundings respectively,
the diffusion equation can be written as

dF/dr - 07f)dF/d£ -~d*jF/d£2 = 0 (A10)

where T = D0*o2 represents the nondimensional time and
£ = r/roj the nondimensional radius. For j = 2, the solution
of Eq. (A10), subject to initial conditions: F(£,0) = 1 at
all |f | < 1 and F(£,Q) = 0 at all |£| > 1, can be expressed as

F = £ erfw + £ erfz + ^-^r/Tr)1/2^--2 - e~**) (All)

where w = (1 - Q/*W* and z = (I + £)/2(r)1/2. From

the preceding, it follows that in the center

/2) - (7rO-1/2exp(-l/4r) (A12)

Adopting as a reasonable criterion the postulate that the
distortion in the profile of the potential F must not affect its
value in the center by more than a factor of 10 ~3, one ob-
tains from Eq. (A12) the condition

T < 0.02
or

(A13)
where te =

In order for the internal properties of the kernel to be uni-
formly distributed throughout its volume, the gasdynamic
processes it undergoes must be closely coupled over its entire
regime. Since the interactions that provide such a coupling
are propagated through the space at the local velocity of
sound, most conservatively this condition yields the criterion.

To < CL0te (A14)

where «o is the initial velocity of sound in the reacting me-
dium—the lowest value it has throughout the whole process.

The regime of physical validity of the reaction center evalu-
ated on the basis of the above criteria is presented on Fig.
12. Used for this purpose were the values of A^(-Jw) given by
Fig. 10, combined with the most conservative estimate for the
diffusion coefficient, namely DH-HZ&S quoted as a function of
temperature by Fristrom and Westenberg25 at a pressure of 1
atm and extrapolated to higher pressures by assuming that
the diffusion is inversely proportional to pressure. From Fig.
12 it appears that the value of 100 JJL used for all the results
presented in the paper lies, indeed, with the notable exception
of those corresponding to high initial pressures, well within
the regime of physical validity.
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Coupled Nongray Radiating Flows about Long Blunt Bodies
LINWOOD B. CALLIS*

NASA Langley Research Center, Hampton, Va.

Second-order time asymptotic solutions extending far downstream are presented for hyper-
velocity blunt-body flowfields including coupled nongray radiation. Shapes considered are
sphere-cones and blunted conical shapes with continuous curvature. Numerical calculations
treat the shock as a discrete surface, and it is assumed that the flow is inviscid, nonconduct-
ing, and axisymmetric. Thermochemical equilibrium is assumed. Radiation is accounted
for with an eight-step model absorption coefficient including line, band, and continuum
radiation. Results include shock shapes, radiative heating distributions, and profiles through
the shock layer of pertinent thermodynamic and flow quantities. A parametric analysis is
made of radiating flows over sphere-cones. Comparisons with other investigators are made,
where possible.

Nomenclature
A,B,C,D,E = defined by Eq. (5)
Bv = nondimensional blackbody function
5 = speed of light, m/sec
En = exponential integral function of order n, En(y) =

e-y* t~n dt

9
h
hP
Iv
K
k
Pi,P*
P

— nondimensional divergence of the radiation flux
vector

= general parameter representing p,u, v, or p
~ nondimensional enthalpy
= Planck's constant, joule-sec
= nondimensional specific radiation intensity
= defined by Eqs. (5)
= Boltzmann constant, joules/°K
= defined by Eqs. (5)
= nondimensional pressure
= nondimensional radiative heat flux to body
= nose radius, m

f = nondimensional radial coordinate
s = nondimensional radiation path length
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T
T,t',t
u,v

X,Y
Z

p
pk
pkp

Subscripts

nondimensional temperature where indicated
nondimensional time
nondimensional velocity components, body-

oriented system
freestream velocity, m/sec
nondimensional body-oriented coordinates
nondimensional Cartesian coordinates
nondimensional floating coordinates
altitude, km
local shock angle relative to body, radians
nondimensional standoff distance
defined by Eqs. (5)
body surface inclination, rad
defined by Eqs. (5)
nondimensional radiation frequency
nondimensional density
nondimensional absorption coefficient
nondimensional Planck mean absorption co-

efficient
Stefan-Boltzmann constant, w/(m2 — °.K4)
optical thickness
solid angle

c = asymptotic or conical angle
o = standard conditions
st = stagnation conditions


